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Transonic Panel Method for the Full Potential Equation
Applied to Multicomponent Airfoils

B. Oskam*
National Aerospace Laboratory (NLR), Amsterdam, the Netherlands

The panel method approach is extended to obtain numerical solutions of the full potential equation for tran-
sonic flow. This extension is accomplished by adding a field distribution of source singularities to the conven-
tional distribution of singularities over the boundaries of the field. The unknown source distribution in the field
is determined by solving the full potential equation. Shock waves are captured automatically by splitting the
transformed flux components and applying upwind differencing to the monotonic, supersonic parts. The tran-
sonic panel method limits the space discretization to those parts of the flow domain in which the nonlinear com-
pressibility effects are non-negligible. The method is tested by computing the potential flow over single- and
multicomponent airfoils.

I. Introduction

T HE first three-dimensional panel method solving incom-
pressible potential flow problems was introduced two

decades ago by Hess and Smith.1 The most significant
capability offered by panel methods is the treatment of com-
plicated, multicomponent geometries (e.g., complete aircraft
configurations) without any need for grid generation in the
multiply connected domain surrounding the configuration.

Finite difference methods have been able to treat the full
potential equation in the nonlinear regime, but require the
construction of a body-fitted grid in the complete flow
domain.

The subject of this paper is the extension of subsonic panel
methods to transonic flows with shocks. In this approach,
space discretization is limited to those parts of the flow in
which the nonlinear compressibility effects are non-negligible.
The idea is to represent the nonlinear compressibility effect by
means of a source distribution in space. Previous investi-
gators2"8 have also worked with distributed singularities in the
external flowfield. These methods are usually referred to by
such names as field panel methods, integral representation
methods, or transonic panel methods. The development of
these techniques is far from complete. The present method
handles both multicomponent airfoils, as well as transonic
flows with shock waves, and is part of a more general research
effort directed toward the development of a second-generation
panel method9'10 for nonlinear compressible flow computa-
tion employing multigrid-type solvers.

The purpose of this paper is to present the formulation of
the new transonic panel method. It will be shown that the con-
tinuous boundary value problem can be reformulated in terms
of unknown, Prandtl-Glauert singularity distributions. The
jump conditions of these singularity distributions are dis-
cussed in detail, such that the external Neumann boundary
condition may be replaced by an interior Dirichlet condition.
Moreover it is also shown that the well-established fully con-
servative finite volume technique,11 combined with flux
splitting,12'14 can be reformulated in terms of singularity
distributions. In the last section, we briefly discuss some of the
computational results obtained with a pilot code employing
Laplace singularity distributions.
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II. Boundary Value Problem Formulation
Let the Cartesian coordinates be denoted by x,y,z with unit

vectors ex,ey,ez, and the full potential by $. Then, we may
write the full potential equation, in the form of a conservation
law for mass flow, as

(1)

(2)

where the density p is defined by

the two-dimensional del operator by

(3)

and where M^ denotes the Mach number of the freestream
and 7 the ratio of the specific heats. Consider the geometry of
a multicomponent airfoil with a number of nc components.
The flow tangency condition requires that

for j = (4)

where C7 is the contour of component J and nq the unit out-
ward normal of Cj at q.

The Kutta conditions are expressed by the identity of the up-
per and lower side limiting values of the tangential velocity
components at the trailing edges 7}. The Kutta conditions are
expressed by

lim (5)

for j =

where tq denotes the unit tangential vector of C,- at q, f being
taken positive such that n x t- ez.

The boundary value problem is completed by the freestream
boundary condition at infinity,

T /.____ v \
$(x,y-+ oo) = Woo*——arctan ( J7 -Mi —— )+ G (x2 +y2) ~I/2

2ir \ x /

(6)
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where F denotes the unknown circulation of the flow and ux
the magnitude of the uniform freestream, which is taken along
the x axis without loss of generality.

III. Integral Representation
Singularity Distributions

Let the solution $ of the boundary value problem be ex-
pressed as the sum of a uniform flow potential and a perturba-
tion potential <p,

$(x,y)=u00x+<p(x,y) (7)

This perturbation potential is subsequently expressed in terms
of a general integral representation that involves not only in-
tegrals over the boundaries but also over the domain external
to the contours CJ9 allowing for the exact representation of the
solution $ of the nonlinear potential flow problem. The kernel
of this integral representation is given by the fundamental
solution of a linear operator obtained after linearization of the
nonlinear full potential equation (1).

Two well-known equations resulting from linearization of
Eq. (1) are the Prandtl-Glauert and Laplace equations, both
being covered by the linear operator

(8)

with a = 1 for the Laplace and a = Jl -M2^ for the Prandtl-
Glauert operator. The fundamental solution K of Eq. (8) is
given by

K(p,q)=IU\rpq\ (9a)

(9b)

Dirichlet condition. To do this correctly, we will have to
evaluate the jump conditions of the doublet and source
singularity distributions ju, and T implied by the integrals of Eq.
(10). These general jump conditions are different from the
well-known Laplacian values.

Consider the perturbation velocity vr induced at a point p
by a continuous source distribution rq — r(xq,yq) on a regular
curve C,

(12)

Investigating the limiting behavior of this induced velocity, we
shall make use of the unit normal and unit tangent vectors of
the curve C,

(13a)

(13b)

with

n-t = 0 or nx = (13c)

It is also convenient to introduce a modified normal vector n
such that

h = a nxex + (l/a)nyey

and a modified tangential vector such that

n-t = 0 and \i\ = \h\

(14a)

(14b)

(15a)

Using a generalization of Green's theorem, it can be shown
that the solution tp of the problem posed by Eqs. (1-7) may be
represented by a general potential </>,

=——J

or
t = (l/a)txex ' tyCy (15b)

From a limiting analysis, it follows that the velocity vector VT
approaches different limits as the point p approaches q along
the normal to C at q from either side. The jump in VT at q is
given by

-v~ (q) = (l/Aq)rqnq (16a)

(10)

where

Cj = contour of component j
Wj — wake line of component j
D - multiply connected external domain
aq = source singularity distribution, q£D
rq = source singularity distribution, qtCj or H
fj,q = doublet singularity distribution, q£Cj or

The modified del operator is given by

o l d
V , = < (11)

The subscript q of the operator above indicates differentiation
with respect to (xq9yq), assuming (xp,yp) is fixed.

Jump Conditions
As mentioned in the Introduction, we will replace the

Neumann boundary condition [Eq. (4)] by an equivalent

where AQ denotes the scalar product

(16b)

Similarly, it can be shown that the potential </>T is continuous
across C. Thus, the general source singularity r induces a nor-
mal velocity jump that differs only by a factor \/Aq from the
Laplacian value.

Before treating the third integral in Eq. (10), it is advan-
tageous to introduce the identity

or

=arctan 0 (yp-yq)
L (xp-xq)

(17a)

(17b)

This identity allows us to integrate the doublet integral of Eq.
(10) by parts,

(18)
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Letting the point p approach q along the normal to C at q
from either side gives

and

which is identical with the Laplacian case.
The jump in the perturbation velocity vector

(19)

(20)

induced by a sufficiently smooth doublet distribution ^ on a
regular curve C is given by

-1 / < f r \
L \ dt )n

(21)

Taking the normal and tangential components of this jump
[Eq. (21)] yields

(22a)

A
with

(22b)

(23)

Thus, the doublet singularity distribution /* does create a jump
across C in the normal derivative of the potential if the scalar
product Bq is unequal to zero, which is generally the case. This
jump in the normal velocity component [Eq. (22a)] will have
to be taken into account if the exact Neumann boundary con-
dition [Eq. (4)] is to be replaced by an equivalent Dirichlet
condition at the interior of C.

Equivalent Boundary Conditions
Let us consider the Dirichlet boundary condition at the in-

terior of contour C,

(xq,yq)=0, for y = (24)

This Dirichlet condition is equivalent to the Neumann condi-
tion [Eq. (4)] provided we make a specific choice for the
source singularity distribution rq,

(25)

The equivalence of Eq. (4) and Eqs. (24) and (25) follows from
the fact that boundary condition (24) leads to the solution

4>(xpfyp)=u00xp (26)

at all pointsp interior to contour Cy fory = l,...,«c. This solu-
tion [Eq. (26)] can be shown to be unique. Substituting the
source strength [Eq. (25)] into the jump condition [Eq.
(16a)] and adding the jump in normal velocity induced by the
doublet singularity [Eq. (22a)] yields a jump in the normal
derivative of the full potential that cancels the normal
derivative of the unique, interior solution given by Eq. (26),
such that we recover the exact Neumann condition given by
Eq. (4).

Similarly, we shall also reformulate the Kutta conditions
[Eq. (5)] by using the jump conditions. Thus,

(27)

lim
q-T

-Km [«oo (^,upper + flower ) j for j = l,...,nc

(28)

Equation (27) gives the contour velocity in terms of /i. The
resulting Kutta conditions [Eq. (28)] are explicit conditions
for the doublet singularity distribution p.

The doublet distribution on each wake is uniform and the
wake source singularity T is zero,

= const, for j = l,...tnc (29)

The choice of these wake singularities [Eq. (29)] yields a con-
tinuous velocity field across Wj and a constant jump in poten-
tial across each wake line.

Limited Space Discretization
The integral representation of <p given by Eq. (10) allows us

to reformulate the complete problem given by Eqs. (1-7) in
terms of the unknown singularity distributions p and a, as was
done above for the boundary conditions. To complete this
reformulation, we substitute Eq. (10) in the governing equa-
tion (1). The result expresses the source singularity distribu-
tion a,

(30)

in terms of the exact solution $. This relation shows that the
local source strength a is zero if Eq. (1) reduces locally to the
Laplace or Prandtl-Glauert (P-G) equation. If a is small over a
part of the domain D such that its effect on the potential [Eq.
(10)] is negligible, we may omit that part of the computational
domain. Limited space discretization need not lower the ac-
curacy of the solution, provided the error due to omitted
sources is of the same order as the discretization errors of the
numerical algorithm. This implies that the required size of the
space to be discretized does increase with decreasing mesh or
panel size. However, it should be mentioned .that the flow
velocities at the edges of the space mesh are continuous, in
spite of a discontinuity in the strength of the source singularity
distribution at these edges.

The actual magnitude of the source strength a in subsonic
flow regions is obtained by rewriting Eq. (1) in streamline
coordinates and subtracting Eq. (30) from it. Thus, we obtain

(3 la)

(31b)

for the Laplace operator, with M denoting the local Mach
number and $ss the local rate of change, in streamline direc-
tion 5, of the velocity.

In case of the P-G operator [Eq. (3la)], a is small if the
magnitude of the perturbation velocity l v < p l is small com-
pared to the freestream velocity u^, even if the Mach number
MO, is high subsonic.

On the other hand, if we opt for the Laplace operator in Eq.
(8), the local source singularity a [Eq. (31b)] will be small if
the local Mach number is small compared to unity, as is the
case over the largest part of the domain D for flows at low
freestream Mach number M„. This second choice is important
for airplane takeoff and landing configurations because the

for the Prandtl-Glauert operator and



1330 B. OSKAM AIAA JOURNAL

perturbation velocity does not need to be small, as is the case
for the Prandtl-Glauert option. For such high-lift flows, the
nonlinear domain can be limited to a small part of the flow do-
main without degrading the accuracy of the full potential
solution.

Full Potential Equation Formulation
One could treat Eq. (1) as a modified Poisson equation,

t f V - V $ = a (32)

with a being specified by Eq. (3la) or (31b). Discretization of
Eq. (3la) or (31b) for transonic flows with shock waves does
not appear attractive, however, because Eq. (32) is not a con-
servation form.

A more direct approach is to disregard Eqs. (31) and to treat
the full potential equation (1) directly by the well-established
fully conservative finite-volume technique11 before substitu-
tion of the integral representation [Eq. (10)]. This technique
transforms Eq. (1) to a new set of coordinates £,77 in the com-
putational space and yields

(33)

where the del operator in the computational space with unit
vectors e^e^ is given by

A a

the Jacobian matrix of the transformation by

H=

(34)

(35)

and its determinant by h = det(//). The metric tensor of the £,r/
coordinate system is given by the matrix

G = HTH (36)

In the present transonic panel method, we employ the fully
conservative finite-volume technique to discretize Eq. (33),
allowing the shock waves to be captured without compromis-
ing the ability to limit the size of the computational domain in
which Eq. (33) needs to be discretized and solved.

IV. Numerical Algorithm
Finite Volume Scheme

Let the computational space be discretized in a number of
uniform finite volumes with volume faces of length 1, and let
the subscript pairs (i+tt, y), ( i — ! / 2 , j ) , (/, 7+^2), and
(i,j-l/2) refer to evaluation at the midpoints of the four
volume faces of the finite volume (i,j) with its center at ($/,??/).
Then, we may write a standard difference approximation to
Eq. (33) in terms of the components of the split flux in

(37)

These split-flux components, mk (k= 1,2), at the midpoints of
the volume faces are obtained by splitting the components of
the unmodified flux mk (k= 1,2) of Eq. (33),

(38)

where the contravariant velocity components $£,$,, at the
midpoints of the volume faces are approximated by second-
order accurate central differences in terms of potentials at
volume centers $/y. The density p and h,G~] in Eq. (38) are
also evaluated at the volume-face midpoints. Before introduc-

ing the splitting procedure of m1 and m2, let us define the
mass flux

at the midpoints of the volume faces and its maximum, sonic
value by

(40)

The flux components m1 or m2 are subsequently split into
three monotonic parts according to

with

QLQ

Q" • m* — <

• -

and

&_
Q

if M>7

if

if M<1

if M> 1

(41a)

(41b)

(41c)

for k=\ or 2.
This splitting allows us to apply upwind differencing to

(A/W + )*, which is nonzero only for supersonic points. The
components of the split flux m at volume face c are given by,

mr (42)

where the variables with subscript c refer to the midpoint of
the volume face under consideration, while the subscript "up"
refers to a corresponding upstream volume-face midpoint, the
wind direction being given by the sign of the flux component
mk. This splitting is identical with the Engquist and Osher12

scheme, except for the scaling factor Q*/Q introduced by
Boerstoel,14 needed for generalization to two or three
dimensions.

The splitting given by Eq. (42) can be refined at shock
points if we replace Eq. (42) by (for k= 1,2)

Q*
Qc i fQ c <sQ u p

(43)

if and only if Mc < 1 and Mup > 1.
This modification of the Engquist and Osher scheme [Eq.

(42)] at shock points results in the Godunov scheme as shown
by Van Leer.13 This Godunov-type scheme has been employed
because it yields a minimum number of volume-face mid-
points in the shock layer, at most one, and excludes the
possibility of expansion shocks, while other widely used dif-
ference schemes do not exclude expansion shocks, as found by
other authors.13'14

Panel Scheme
We approximate the source singularity distribution a in the

first integral of Eq. (10) by interpreting the finite volumes as
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field panels over which the source strength is taken to be
uniform. Panel-by-panel integration allows us to express the
potential at the finite volume centers <$>/y in terms of the
discrete values of the source singularity cr/y. Thus, in domain
D we choose the finite volume centers as collocation points for
the integral representation [Eq. (10)]. This choice yields a
numerically stable scheme, as can be shown by linear stability
arguments.

The remaining singularity distributions, r and ju, are
discretized by standard procedures,15 including first-order
correction terms yielding second-order accuracy of the bound-
ary integrals in Eq. (10). Boundary panel midpoints are chosen
as collocation points for the interior Dirichlet boundary condi-
tions [Eq. (24)] and the derivatives of //, in the Kutta condi-
tions [Eq. (28)] are approximated by one-sided differences of
second-order accuracy.

These discrete approximations of Eq. (10) yield a matrix of
aerodynamic influence coefficients (AIC), which expresses the
linear relation between the potential at collocation points, i.e.,
finite volume centers and boundary panel midpoints, and the
discrete singularity parameters of a, r, and JK.

Iterative Procedure
Let the system of linear and nonlinear equations be

represented symbolically as

F(u)=0 (44)

where F is an ^-dimensional column vector with algebraic
functions as components and u an ^-dimensional column vec-
tor with the unknown singularity parameters as components.
Thus, Eq. (44) represents the nonlinear equations (37) and all
linear ones [Eqs. (24) and (28)]. This system is solved by
Newton's method

dF
(45)

where the superscript v indicates the Newton iteration index.
Since the Jacobian matrix in Eq. (45) is computationally com-
plex and fully populated, it is advantageous to write its fac-
tored form,

r 3F 1 (0
hd - (46)

where </> represents a finite-dimensional column vector of
potentials. The gradient matrix B(v\ following from Eqs.

(24), (28), and (37), is sparse and has a banded structure. The
matrix of aerodynamic influence coefficients, following from
the integral representation [Eq. (10)], is calculated only once
because its elements are dependent only upon the geometric
data of the configuration and the grid.

The system of linear equations (45) is solved iteratively. This
iteration procedure embedded within each Newton step con-
tains a relaxation scheme based on an approximate and in-
complete lower-upper factorization technique of the full linear
system [Eqs. (45)]. Similar relaxation schemes have been
employed successfully by Oskam and Fray16 as a smoothing
operator in a fast multigrid method for solving the linear in-
tegral equations associated with higher-order accurate, panel
methods for incompressible potential flow. This experience
suggests that it is feasible to accelerate the iterative solution
algorithm for transonic panel methods by multigrid tech-
niques; the present solutions of Eqs. (45) are obtained by
relaxation at a single level of discretization, however.
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Fig. 2 Convergence of the maximum norm of the residue in Eqs.
(44) for the paneling of Fig. 1.*' > *'

NACA0012
GRID 24 BY 8

0 0.5 1

Fig. 1 Geometry of NACA 0012 airfoil (64 surface panels and 24 x 8
field panels).

NACA 0012
GRID 30 BY 8

0 0.5 1

Fig. 3 Geometry of NACA 0012 airfoil (64 surface panels and 30 X 8
field panels).



1332 B. OSKAM AIAA JOURNAL

MAX. NORM OF RESIDUE

10U

10"4H

10

a =10° a =4°

10 0 10 0

NUMBER OF NEWTON ITERATIONS

Fig. 4 Convergence of the maximum norm of the residue in Eqs.
(44) for the paneling of Fig. 3.
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Fig. 6 Comparison of the pressure coefficients of the transonic
panel method with potential flow results of Jameson.17
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NUMBER OF NEWTON ITERATIONS ^-

Fig. 5 Convergence of the number of supersonic points in the solu-
tion for the paneling of Fig. 3.

One of the questions associated with Newton's method
[Eqs. (45)] concerns the requirement for an initial iterate
"sufficiently close" to the true solution. This question will be
discussed in Sec. V, where results illustrate the domain of at-
traction to «, taking the solution of the linear problem, with
a = 0, as initial iterate u(1).

V. Computational Results
In this section we briefly discuss some of the computational

results obtained with the pilot code mentioned in the Introduc-
tion. The grid used in the first test problem is shown in Fig. 1.
The NACA 0012 airfoil is discretized into 64 surface panels.
The grid consists of 24 x 8 finite volumes or field panels.

64 + 150 + 50 + 50 = 314 SURFACE PANELS

Fig. 7 Geometry of four-component airfoil (nc = 4) with partial
grid; total number of surface panels on the slat, wing, vane, and rear
flap equals 314.
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Fig. 8 Convergence of the maximum norm of the residue in Eqs.
(44) for the paneling of Fig. 7.
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Fig. lOa Enlarged view of the partial grid around the slat of the
four-component airfoil (n = 4).

1.0

Fig. 9a Pressure coefficients Cp as a function of chordwise distance
x for the paneling of Fig. 7; M^ = 0.20.
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TRANSONIC PANEL METHOD
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Fig. 9b Pressure coefficients Cp as a function of chordwise distance
jc for the paneling of Fig. 7; Mw -0.25.

The convergence history of the maximum norm of the n-
dimensional column vector of residues of Eq. (44) is shown in
Fig. 2. The angle of attack a. of the airfoil is equal to 10 deg,
while the potential flow is computed for two freestream Mach
numbers, M^^O.25 and 0.35, respectively. This increase in
M^ from 0.25 to 0.35 is sufficient to generate supersonic flow
locally around the airfoil nose. The convergence history for
MOO =0.35 is fast but not quadratic as for the completely sub-
sonic case at M^^O.25. Convergence is halted when the
machine round-off error level is reached.

The effect of the initial and subsequent iterates on the con-
vergence of the Newton procedure is further illustrated by
three computations using the paneling of Fig. 3, with 30x8
field panels. Three cases are considered. The convergence
histories of the maximum norm are shown in Fig. 4 and the

-20-

-15-

-10-

- 5-

0-
-20-

CP

-15-

-10-

-5-

TRANSONIC PANEL METHOD

TRANSONIC PANEL METHOD

-0.1 0.1 0.2

SURFACE DISTANCE! ]

Fig. lOb Enlarged view of the pressure distribution on the slat as a
function of the surface distance (upper side) for Mx = 0.20 and 0.25
(sonic value denoted by C*).

corresponding developments of the number of supersonic
points are displayed in Fig. 5. These results show that for the
present transonic panel method the Newton iterations con-
verge, even if the initial iterate is not close to the true solution.
Comparing Figs. 4 and 5 shows that the convergence rate in-
creases once the number of supersonic points has converged.
The Newton procedure is stopped when the maximum norm of
the residue vector is lower than 10~9.
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One of the standard test problems defined at a recent
GAMM Workshop17 is NACA 0012 at M^ =0.80 and « = 0
deg. This problem is solved with the present transonic panel
method with a grid of 58 x 10 field panels. Comparison of the
pressure distribution as a function of x/c with the fully conser-
vative potential flow results of Jameson17 is given in Fig. 6.
This case (M^ =0.80 and a = 0 deg) shows no significant dif-
ferences in the two sets of results, in comparison with the dif-
ferences found between the results of other participants of the
Workshop.17

As a last example, we will show results for the transonic
flow around a four-component high-lift configuration (Fig. 7)
with an angle of attack of 14 deg and at two freestream Mach
numbers, M^^O.20 and 0.25. For these cases Newton's
method converges within six iterations to a level of 10 ~6 for
the maximum norm of the residue vector, see Fig. 8. The
resulting pressure distributions are shown in Figs. 9a and 9b,
where one may observe the development of a small pocket of
supersonic flow as M^ increases from 0.20 to 0.25. Figure lOa
shows an enlarged view of the slat and Fig. lOb the pressure
distributions as a function of the correspondingly enlarged
surface distance t. These pressures show a strong shock wave
on the slat, which is critically important for analyzing the
maximum lift capabilities of such configurations.

VI. Conclusions
The formulation of a new transonic panel method has been

presented. The results of the pilot code version of this method
show that transonic potential flows can be treated with the
well-established fully conservative finite volume technique,
while reducing the computational domain in which the full
potential equation needs to be solved explicitly. The latter
characteristic implies a significant reduction in the mesh
generation effort required for transonic flow computations.
Further developments of this new method are being directed
toward lowering the computational effort required. These
developments include multigrid techniques for the fast
iterative solution of the system of nonlinear equations
associated with panel methods, as well as fast procedures for
the evaluation of integral representations.
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